A b s t r a c t This paper presents a new finite-dimensional linear matrix inequality (LMI) formulation for the induced L2-norm synthesis of linear parameter-varying (LPV) systems. The approach is based on a nonsmooth dissipative systems theory using a continuous, quasi-piecewise affine parameter-dependent Lyapunov function. The new method is less conservative than previously published techniques based on either affine parameter-dependent Lyapunov functions or robust control techniques. Conservatism is reduced with this new approach because the synthesis uses a very general class of parameterdependent Lyapunov functions. In contrast to the gridding approach typically used t o develop a computationally feasible algorithm, this proposed approach guarantees the synthesis result. We show that the numerical results using our approach, while computationally intensive, can be used to develop many new insights into the potential conservatism of various classes of Lyapunov functions for LPV systems. troller. While QAL is more general than ALF, a more general class of Lyapunov functions than QAL is still required to reduce conservatism even further. Unfortunately, the synthesis using this type of Lyapunov functions often leads to infinite-dimensional LMIs. As a result, the finite basis methods and gridding techniques [16] are typically used. However, these techniques do not guarantee the synthesis result, and the selection of the best basis function requires further study. This paper extends our previous result [Ill to address the synthesis of controllers for LPV systems and generalizes it to a new class of parameter-dependent Lyapunov functions. We then develop a new synthesis technique that reduces the conservatism but still leads to finite-dimensional LMI formulations. Our approach is to a P T Z O T~ partition the entire parameter space into several smaller subspaces. We then define an affine parameter-dependent LPV (ALPV) system and QAL over each parameter subspace. Constraints are included so that these QALs define a continuous, Lipschitz Lyapunov function over the entire parameter space, which is called a quasi-piecewise a f i n e parameter-dependent Lyapunov function (QPAL). This QPAL is then used to design a y-suboptimal LPV controller for this piecewise-affine parameter-dependent LPV (PALPV) system. Numerical results are presented t o show that, even with a smaller number of partitions, this new technique yields less conservative results than previously published research [l, 31. Furthermore, in contrast to the gridding approach of Ref.
I n t r o d u c t i o n
Linear parameter-varying (LPV) systems have recently received much attention because they provide a systematic means of computing gain-scheduled controllers [14, 15] . Various synthesis tools have been proposed for LPV systems such as the LFT-p framework [2,9,12] and the dissipative systems theory with smooth parameter-dependent Lyapunov functions [6, 16] , the selection of which determines the conservatism of the synthesis result. The selection of an appropriate Lyapunov function is one of the most important issues in the dissipative systems theory. The class of Lyapunov function used in the LPV framework is of the form, V = z~P c l ( B ) z , l , such that
The classes of quadratic [4] and affine parameter-dependent Lyapunov functions (ALFs) have been widely used in the literature. In the class of ALFs, X ( 0 ) is typically affine in 8, and Z ( 0 ) and E ( 0 ) are constant [ 3 , 6 ] . This type is a special form of the Lurk-Postnikov Lyapunov function. The synthesis using this ALF is formulated as a bilinear matrix inequality (BMI) problem, which is computationally intensive and often yields a parameter-independent controller. In another class of a Lyapunov function, quasi-affine parameter-dependent Lyapunov function (QAL), X ( Q ) and Y ( 0 ) are affine in 0 [l] . The synthesis using this QAL leads to linear matrix inequality (LMI) formulations and yields a parameter-dependent conlPh.D. Candidate, lirnsy@sun-valley.stanford.edu 2Assistant Professor, howjo@sun-vailey.stanford. edu troller. While QAL is more general than ALF, a more general class of Lyapunov functions than QAL is still required to reduce conservatism even further. Unfortunately, the synthesis using this type of Lyapunov functions often leads to infinite-dimensional LMIs. As a result, the finite basis methods and gridding techniques [16] are typically used. However, these techniques do not guarantee the synthesis result, and the selection of the best basis function requires further study. This paper extends our previous result [Ill to address the synthesis of controllers for LPV systems and generalizes it to a new class of parameter-dependent Lyapunov functions. We then develop a new synthesis technique that reduces the conservatism but still leads to finite-dimensional LMI formulations. Our approach is to a P T Z O T~ partition the entire parameter space into several smaller subspaces. We then define an affine parameter-dependent LPV (ALPV) system and QAL over each parameter subspace. Constraints are included so that these QALs define a continuous, Lipschitz Lyapunov function over the entire parameter space, which is called a quasi-piecewise a f i n e parameter-dependent Lyapunov function (QPAL). This QPAL is then used to design a y-suboptimal LPV controller for this piecewise-affine parameter-dependent LPV (PALPV) system. Numerical results are presented t o show that, even with a smaller number of partitions, this new technique yields less conservative results than previously published research [l, 31. Furthermore, in contrast to the gridding approach of Ref. [16] , our technique guarantees the synthesis result. The computational burden of our approach currently limits the complexity of the examples that can be tested, but the initial results indicate that this technique could be used t o investigate numerically good basis functions for Ref. [16] . 
For simplicity, we consider the case of s = 2 such that the parameter space P C R2. The P is partitioned into m,l x m2 identical, closed rectangles, Pij's, with width A81 x A&. In this case, A8k = (& -& ) / m h for k = 1,2. A PALPV system is defined as a system that switches between ml x m2 ALPV systems. Each ALPV system is described by a set of nominal dynamics at the center of the corresponding parameter subspace and affine parameter-dependent terms.
For each subspace Pij, we introduce a local coordinate 8ij = [ e i j 1 & j 2 1' measured from the center of Pij. As a result, this PALPV can be defined such that for 8(t) E .F2, [ll] .
Remark 1: The PALPV system (Eq. 1) is locally affine parameter-dependent. The typical ALPV system description is a special case of this PALPV description. Our representation can include dynamics that are discontinuous in e(t) on the boundary of Pij, which could provide better approximation models for general LPV systems.
Our problem is to find a strictly proper full-order LPV controller of the form 
Induced L2-Norm Synthesis
The problem we consider here is to design y-suboptimal controller such that the induced Lz-norm of the closed-loop system (Eq. 3) is less than y, i.e., IIz(t)llz < yllw(t)llz, where Step 1: A nonsmooth dissipative systems theory for analysis problems has been proposed in our previous work [ll] . We consider a quasi-piecewise affine parameter-dependent Lya- over each Pij is affine parameter-dependent, these matrices must satisfy Xij + X(i+l)(j+l) = X(i+l)j + Xi(j+l) (5) which is one of the para1:lelogram rules. Substituting Eq. 5, Yij(&j) is also similarly idefined in terms of yij's.
Remark 2:
Note that while possibly conservative, this specific structure of P,1 (8) forces ( 1 , l ) element of PcT'(8) to be y2Y(B), so that the (1,l:) elements of Pcl(e) and PG'(8) are piecewise affine parametser-dependent. Note, also, that the similar form of Pc1(8) wit:h ml = m2 = 1 can be found in [16] . Using the QPAL, we can (derive the induced Lz-norm analysis sary, "convexify" the formulation from Step 2a to transform formulation for the closed-loop system from the result of (111. for all 6 i j E P and b j j E R. Then for any e(t) E F Z , the closed-loop system (Eq. 3) is uniformly asymptotically stable and its Lz-norm is bounded by y, i.e., llzllz < yllwllz. 
To calculate this "partial" dini-derivative, this inequality over the domain V x P x R is divided into m l x mz inequalities over sub-domains V x Pij x R for all i,j, as in [ll] . Note that this is accomplished by the assumption that, by a smooth extension, the system dynamics (Eq. for t/(xcl,eij, &j, w) E V x P x R x W and Q i , j . Substituting Eqs. 3 -4, condition (11) is then for V(xcl, dij, 0ij , w) E V x P x R x W and Vi, j. Divide both sides by y2 and reformulate the above inequality as the standard quadratic matrix form.
0
Step 2 & Step 3: Over each ' P & j , Proposition 1 is exactly equal to the typical induced &-norm analysis using a continuously differentiable Lyapunov function. According to the result of [16] , LMI formulations without any controller dynamics and an explicit formula for a y-suboptimal LPV controller are easily found (For details, refer to [16] ). is constant. All LMI-related computations were performed with the MATLAB LMI Control Toolbox [8] . The mincx subroutine was used, and ten gridding points were employed for the gridding method. of N implies that typical LFT-p approach that only considers @(t)l -+ 00 would be very conservative. This figure also shows that our QPAL approach with a small number of partitions ( L 2 3) predicts lower yoF,t (or better performance) than the QAL approach over almost the entire range of N , and thus is less conservative. As discussed in our previous paper [ll] , this result is due to the fact that our QPAL can use a richer class of parameter-dependent Lyapunov functions. Figure 3 shows that for N < 0. [3] and yopt-suboptimal LPV controllers of QPALs. We also include pointwise-X, controllers which are the best LPV controller for this static case. Figure 4 plots H,-norm's of the closed-loop systems for four design techniques. This figure shows that the Popov controller yields almost the same performance as the guaranteed Yopt over the entire parameter space. This result is obviously related to the fact that the controller is parameter-independent, thereby being unable to use additional information such as measuring parameters. A similar result is shown in [9] . The performance is the worst because it uses the most restrictive Lyapunov function, as discussed above. This figure also shows that QPAL yields better performance than the worst performance (yopt) guaranteed by the synthesis. This is another benefit of using parameter-dependent controllers. As expected, the QPALl is obviously more conservative than the QPAL over the entire parameter space. As L increases, the 'H,-norm curve of the QPAL approaches the best achievable performance curve (pointwise-'H,). This result confirms the fact that our QPAL can approximate the required parameterdependent Lyapunov function that produces a less conservative result. However, the gap still remains which is primarily due to the conservatism inherent in the "convexifying" techniques.
5 Conclusions This paper develops the LMI formulation of the induced L2-norm synthesis by a nonsmooth dissipation theory using a continuous, quasi-piecewise &ne parameter-dependent Lyapunov function. The numerical example shows that this new technique can, with a small number of partitions in the parameter space, provide a less conservative robustness guarantee when compared to previously published methods. While computationally intensive, our approach should help in the investigation of the conservatism of various classes of parameter-dependent Lyapunov functions for different rates of change in the parameter. 
